Abstract. Let Γ be either the infinite cyclic group Z or the Baumslag-Solitar group Z Z[ ]. Let K be a slice knot admitting a slice disc D in the 4-ball whose exterior has fundamental group Γ. We classify the Γ-homotopy ribbon slice discs for K up to topological ambient isotopy rel. boundary using surgery theory. In the infinite cyclic case, there is a unique equivalence class of such slice discs. When Γ is the Baumslag-Solitar group, there is at most one Γ-homotopy ribbon slice disc for each lagrangian of the Blanchfield pairing of K.
Introduction
A knot K ⊂ S 3 is slice if it bounds a locally flat disc D ⊂ D 4 . The goal of this paper is to initiate the classification of the slice discs of a given slice knot up to topological ambient isotopy rel. boundary. An initial observation is that one can connect sum a given slice disc with any 2-knot, to obtain infinitely many mutually non-isotopic slice discs for every slice knot, as can be seen by considering the fundamental group of the exterior.
We therefore restrict to slice discs D for which π 1 (D 4 \ D) is a fixed group. We also add a technical homotopy ribbon condition on our discs by requiring that the inclusion map X K := S 3 \ νK → N D := D 4 \ νD induces a surjection π 1 (X K ) π 1 (N D ). A knot is homotopy ribbon if it admits such a homotopy ribbon disc. The (open) topological ribbon-slice conjecture asserts that every slice knot is homotopy ribbon.
Definition. Given a group Γ, a homotopy ribbon disc D is Γ-homotopy ribbon if π 1 (N D ) ∼ = Γ. An oriented knot is Γ-homotopy ribbon if it bounds a Γ-homotopy ribbon disc D.
In the present paper, we work in the topological category and consider two cases: the infinite cyclic group Z and the Baumslag-Solitar group G := B(1, 2) = a, c | aca
], where the generator a of Z acts on Z[ 1 2 ] via multiplication by 2. Since both of these groups are solvable, and hence good in the sense of Freedman, topological surgery in dimension 4 and the 5-dimensional s-cobordism theorem can potentially be applied to classify Γ-homotopy ribbon discs. A first question, however, is whether such discs exist.
The following theorem, whose two parts are respectively due to Freedman [Fre82] (see also [FQ90, Theorem 11 .7B] and [GT04, Appendix A]) and Friedl-Teichner [FT05, Theorem 1.3] answers this question in the affirmative. Let M K denote the zero-framed surgery manifold of K. Note that ∂N D = M K for every slice disc D for K. Theorem 1.1. Let K be an oriented knot.
(1) If K has Alexander polynomial ∆ K (t) = 1, then K is Z-homotopy ribbon. Since we now know that Γ-homotopy ribbon discs are abundant for the groups Γ = Z and G, we return to our initial objective: their classification.
1.1. Z-homotopy ribbon discs. In the Z case, we show that the Z-homotopy ribbon disc for an Alexander polynomial 1 knot K is essentially unique. More precisely, we prove the following. Theorem 1.2. Any two Z-homotopy ribbon discs of a Z-homotopy ribbon knot are ambiently isotopic rel. boundary. Theorem 1.2 is probably known to the experts and accords with Freedman's other famous result that every knotted S 2 → S 4 with π 1 (S 4 \ S 2 ) = Z is topologically isotopic to the standard unknotted embedding S 2 → S 4 [FQ90] . We now move on to the Z Z[ 
Z Z[
1 2 ]-homotopy ribbon discs. Before stating our second result, some additional notions are needed. Recall that M K denotes the 0-framed surgery along an oriented knot K, that H 1 (M K ; Z[t ±1 ]) coincides with the Alexander module of K and that if D is a slice disc for K, then ∂N D = M K . If D is a homotopy ribbon disc for a knot K, then we call
the lagrangian induced by D. The reason for this terminology is that P D is a lagrangian for the Blanchfield pairing Bl(K) of K, i.e. P D = P ⊥ D . Note that if K is merely slice, then this fact is only known over the PID Q[t ±1 ].
Our second main result shows that the classification of Z Z[
1 2 ]-homotopy ribbon discs can be expressed using the induced lagrangians of the Blanchfield form.
] and let K be a G-homotopy ribbon knot. If two G-homotopy ribbon discs for K induce the same lagrangian, then they are ambiently isotopic rel. boundary.
Before describing applications of Theorem 1.3, we outline the common strategy behind the proofs of Theorems 1.2 and 1.3. We say that two slice discs D 1 and D 2 for a slice knot K are compatible if there is an isomorphism f :
denotes the inclusion induced map for k = 1, 2. Observe that two Z-homotopy ribbon discs for an oriented Z-homotopy ribbon knot are necessarily compatible, while Proposition 3.3 shows that G-homotopy ribbon discs are compatible if and only if they induce the same lagrangian.
Summarising, Theorems 1.2 and 1.3 are both consequences of the following result. Theorem 1.4 is proved by applying the surgery programme to the disc exteriors N D 1 and N D 2 . We briefly recall the steps of this well known classification programme. Let D 1 and D 2 be two compatible Γ-homotopy ribbon discs.
(1) In Lemma 2.1, we establish that N D 1 and N D 2 are homotopy equivalent.
(2) Fixing a homotopy equivalence f :
relative to M K , and a degree one normal map
This is a surgery problem: we wish to know whether F is normally bordant to a (simple) homotopy equivalence. There is an obstruction σ(F ) in the (simple) quadratic L-group L 5 (Z[Γ]) to solving this problem. (3) After analysing the surgery obstruction σ(F ) in Lemma 2.4, we take connected sums along circles with Freedman's E 8 manifold times S 1 , in order to replace F by a new degree one normal map with vanishing surgery obstruction. (4) We perform 5-dimensional surgery to obtain an s-cobordism. Since Γ is a good group, the topological s-cobordism theorem in dimension 5 implies that N D 1 and N D 2 are homeomorphic rel. boundary. (5) Lemma 2.5 shows if the disc exteriors N D 1 and N D 2 are homeomorphic rel. boundary, then the discs D 1 and D 2 are ambiently isotopic rel. boundary.
After providing the details for these steps, the remainder of the paper is then devoted to an application of Theorem 1.3: we classify the (Z Z[ ]. Up to ambient isotopy rel. boundary, the knot K n admits (1) precisely two distinct G-homotopy ribbon discs if n = 0, −3; (2) a unique G-homotopy ribbon disc if n = 0, −3. n 1 Figure 1 . The knot K n , where for n > 0 the box symbolises n positive full twists, as depicted on the right. For n < 0, we use n negative full twists.
The proof of the second item is somewhat different when n is a multiple of 3 to when n ≡ 1, 2 mod 3. In the former case, we apply a theorem of Cochran-Harvey-Leidy [CHL10] to obstruct the existence of a potential slice disc corresponding to one of the metabolisers of the Blanchfield pairing.
This article is organised as follows. Theorem 1.4 (and thus Theorem 1.2) is proved using surgery theory in Section 2, while we deduce Theorem 1.3 from considerations on the Alexander module in Section 3. Theorem 1.5 is proved in Section 4. Finally, in Section 5 we relax the rel. boundary condition on ambient isotopies, but still exhibit knots with precisely two G-homotopy ribbon discs.
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Conventions. Throughout this article, we work in the topological category. Manifolds are compact and oriented. We say that homeomorphisms, homotopy equivalences and isotopies are rel. boundary if they fix the boundary pointwise. If N 1 , N 2 are two n-manifolds with boundary M , a cobordism between N 1 and N 2 is relative M if, when restricted to M , it is the product M × [0, 1]. Given a Poincaré complex (X, ∂X), a degree one normal map (f, ∂f ) : (N, ∂N ) → (X, ∂X) is relative if ∂f is a homotopy equivalence.
2. The surgery programme for slice disc exteriors.
In this section, we prove Theorem 1.4 by following the surgery programme described above. From now on, Γ denotes either Z or Z Z[ 
. Such an isomorphism f will be called a compatible isomorphism.
2.1. The homotopy type. Let D 1 and D 2 be two Γ-homotopy ribbon discs for a knot K. The first step in the surgery programme consists of showing that N D 1 and N D 2 have the same homotopy type. To achieve this, we describe the homotopy type of arbitrary Γ-homotopy ribbon disc exteriors: they are Eilenberg-Maclane spaces K(Γ, 1).
(1) all Γ-homotopy ribbon disc exteriors are homotopy equivalent to one another; (2) two Γ-homotopy ribbon discs are compatible if and only if they are homotopy equivalent rel. boundary.
Proof. We must show that the higher homotopy groups of N D vanish. Since π 1 (N D ) ∼ = Γ, the Γ-cover of N D is simply connected. Thus, by the Hurewicz theorem, we are reduced to showing that
We start with the case where i = 3, 4. Since K is homotopy ribbon, the map π 1 (M K ) → π 1 (N D ) = Γ is surjective. It follows that the corresponding Γ-cover of M K is connected, so that we have an isomorphism 
Here the overline emphasises the involuted module structure. For i = 2, by duality and the UCSS, we have
It is therefore enough to show that 
The first consequence is immediate: for fixed Γ and n, Eilenberg-Maclane spaces K(Γ, n) are unique up to homotopy equivalence. We prove the last assertion. If f :
is a homotopy equivalence rel. boundary, then it certainly induces a compatible isomor-
We use basic obstruction theory to construct the desired rel. boundary homotopy equivalence N D 1 → N D 2 . Note that N D i is homotopy equivalent to a 3-dimensional CW-complex with M K as a subcomplex (an argument is provided in [CNT17, Proof of Proposition 5.14]). We define a map N 
, and we wish to find a relative degree one normal cobordism W → N D 1 × [0, 1] between them; we refer the reader to [Wal70] for the relevant terminology from surgery theory. In other words, we must show that f and Id N D 1 define the same element in the set
. To achieve this, we recall some facts from surgery theory that will be familiar to the experts.
Set G := colim G(n) and T OP := colim T OP (n), where G(n) and T OP (n) denote respectively the monoid of homotopy self-equivalences of S n−1 and the group of homeomorphisms of R n which map 0 to itself, both endowed with the compact-open topology. We refer to [MM79] for further details on these spaces and on the homotopy fibre G/T OP . Given a basepoint * of G/T OP and a compact oriented topological 4-manifold X, as we will recall below, there are bijections
When X = N D 1 , a combination of Poincaré duality and the universal coefficient theorem give
, starting from the fact that N D 1 is a homology circle. We therefore focus on the H 4 term: composing the bijection of (1) with the projection onto the first summand gives a map
is torsion free, we know that the evaluation map H 4 (X, ∂X; Z) → Hom Z (H 4 (X, ∂X; Z), Z) is an isomorphism. As X is compact, an element of H 4 (X, ∂X; Z) is thus determined by its evaluation on the fundamental class [X, ∂X]. The next result is known to surgery theorists; its proof follows [MM79, Chapter 4.A].
Proposition 2.2. Let X be a compact oriented topological 4-manifold. Given a degree one normal map (g, ∂g) : (M, ∂M ) → (X, ∂X) with ∂g a homotopy equivalence, one has
Proof. Since X is a manifold, N T OP (X, ∂X) is based by Id X and we can identify the normal set N T OP (X, ∂X) with [(X, ∂X), (G/T OP, * )]: the (normal bordism class of the) degree one normal map (g, ∂g) corresponds to a homotopy class [(X, ∂X), f : (X, ∂X) → (G/T OP, * )]; see e.g. [MM79, Theorem 2.23 and Remark 2.25] as well as [FQ90, Section 11.3B]. It is known that for k > 0, the simply connected surgery obstructions give rise to maps
We use Z (2) to denote the ring of integers localised away from 2. As explained in [MM79,
) admits a section. In particular for k > 0, one obtains maps h 4k ∈ Hom(H 4k (G/T OP, * ; Z (2) ), Z (2) ) and h 4k−2 ∈ Hom(H 4k−2 (G/T OP, * ; Z 2 ), Z 2 ). These elements then give rise to cohomology classes
Let G/T OP [2] denote the localisation of G/T OP away from 2. While we refer to [MM79, Definition 1.30] for a definition of this space (where the terminology localisation at 2 is used), we need only know that
. Using the Poincaré conjecture and the surgery exact sequence, one deduces that the simply connected surgery obstructions induce isomorphisms
. Using this fact, it can be checked that the cohomology classes h 4k and h 4k−2 give rise to a homotopy equivalence
In fact, some additional work shows that the Postnikov 4-type of G/T OP is (homotopy equivalent to) K(Z, 4) × K(Z 2 , 2) (we are not localizing this time); see e.g. [HLL] . Using these facts, we now conclude the proof of the proposition. Let [X, f : (X, ∂X) → (G/T OP, * )] be the homotopy class corresponding to the normal bordism class of g. The aforementioned facts imply that the bijection
. We deduce that proj 1 (g) = f * (h 4 ). Combining this observation with the definition of h 4 gives
This concludes the proof of Proposition 2.2.
Using Proposition 2.2, we can establish the existence of the desired normal bordism.
]. Let D 1 and D 2 be two Γ-homotopy ribbon discs for a knot K and let f : N D 1 → N D 2 be a rel. boundary homotopy equivalence. There exists a rel. M K cobordism (W, N D 1 , N D 2 ) and a relative degree one normal map
Proof. We show that the degree one normal maps Id N D 1 and f define the same class in the normal set N T OP (N D 1 , M K ). We already argued that H 2 (N D 1 , M K ; Z 2 ) = 0, whence the fact that the map proj 1 : (2) is a bijection. Proposition 2.2 now implies that Id N D 1 and f define the same class in N T OP (N D 1 , M K ): in both cases, we know that The next lemma describes
Proof. For Γ = Z, this follows immediately from Shaneson splitting [Sha69] , namely one has
Multiplication by 2 induces an automorphism of Z[ , we obtain the following exact sequence:
, and the induced map α * : 
and it is known that L 4 (Z) = L 0 (Z) ∼ = 8Z is detected by the signature; see e.g. [MH73] . As a consequence, we think of σ(F ) as an integer. Next, we modify F to a new surgery problem F with vanishing surgery obstruction. This is achieved by connect summing W with σ(F ) copies of the degree one normal map S 1 × ±E 8 → S 1 × S 4 . As in [FQ90, p. 206] , this connect sum is performed along loops; the next paragraph provides some details on this construction.
First, we may assume that the degree one normal map F : 
The outcome of this construction is a degree one normal map F : Note that for i = 1, 2, we have
As a consequence, we have an identification of D 1 × ∂D 2 with D 2 × ∂D 2 . Making use of this identification, we attach a two handle D 2 × D 2 to both N D 1 and N D 2 with core
The resulting manifolds are homeomorphic to D 4 and respectively contain D 1 and D 2 as slice discs for K. Since the homeomorphism f fixes M K = ∂N D 1 pointwise, it extends to a well defined homeomorphism
By construction, this homeomorphism carries D 1 to D 2 . Since f is equal to the identity on the boundary, so is f . We can therefore apply Alexander's trick: this result implies that f is isotopic rel. boundary to the identity homeomorphism. We have therefore established that D 1 and D 2 are ambiently isotopic rel. boundary. This concludes the proof of the lemma.
3. The proof of Theorem 1.3.
From now on, we write Z[t ±1 ] instead of Z[Z]
and recall that the lagrangian induced by a homotopy ribbon disc D is Lemma 3.1. If D is a homotopy ribbon disc for a knot K, then the inclusion ι D :
Proof. It is enough to show that ι D induces a surjection (ι D ) * :
]) between the Alexander modules. Recall that these modules can be identified with derived quotients, namely
The lemma will therefore follow once we observe that ι D restricts to a surjection
.
Indeed: if ι D is a surjection, then so is (ι D ) * . Next, we use the abelianisation homomorphisms φ K and φ D of π 1 (X K ) and
. We also denote this map by ι D and observe
Furthermore, the kernels of φ K and φ D are isomorphic to the respective commutator subgroups:
The lemma will thus be proved once we show that ι D induces a surjection ker(φ K ) → ker(φ D ). Let y lie in ker(φ D ). Since D is homotopy ribbon, the map ι D : π 1 (X K ) → π 1 (N D ) is surjective and we can therefore choose an x ∈ π 1 (X K ) such that ι D (x) = y. Using the aforementioned equality
Since ι D is an isomorphism on homology, we obtain φ K (x) = 0, establishing that x lies in ker(φ K ). This concludes the proof of the lemma.
Next, we describe two consequences of Lemma 3.1.
Corollary 3.2. Let D be a homotopy ribbon disc for a knot K.
(
Proof. To prove the first assertion, combine the isomorphism
with Lemma 3.1. Next, we prove the second assertion. The groups
fit into the following short exact sequence of groups:
Since H 1 (M K ; Z) ∼ = Z is freely generated by a meridian of K, if we fix a based meridian for K, then we get a splitting s of p. Thus, the map
, the choice of a based meridian for K also gives a splitting of
H 1 (N D ; Z), and the same argument as above yields an isomorphism
. On the other hand, since the group
. Combining these facts, we deduce that
To conclude, let D 1 and D 2 be G-homotopy ribbon discs for the knot K, and fix a
is constructed by combining f with the isomorphism ϕ :
that maps a meridian of D 1 to a meridian of D 2 . More precisely, the aforementioned splitting s : 
Conversely, assume that P D 1 = P D 2 . Using the first item of Corollary 3.2, we know that the inclusions induce isomorphisms (ι D j ) * :
. By construction, this isomorphism satisfies f * • (ι D 1 ) * = (ι D 2 ) * Using the second item of Corollary 3.2, we can thus extend f * to a compatible isomorphism (N D 2 ) . This concludes the proof of the proposition.
Examples.
Throughout this section, we set G := Z Z[ 1 2 ]. Given n ∈ Z, consider the knot K n obtained by adding n full twists in the left band of the 9 46 knot as on the left hand side of Figure 2 below. The goal of this section is to use Theorem 1.3 to classify the G-homotopy ribbon discs of K n .
n n α β a b Figure 2 . On the left: the knot K n ; on the right: a Seifert surface F n for K n as well as (oriented curves representing) generators a, b of H 1 (F n ; Z) and their Alexander dual curves α, β.
Let F := F n be the obvious Seifert surface for K := K n depicted on the right hand side of Figure 2 . This figure also shows simple closed curves α, β ⊂ S 3 \ F that are Alexander dual to generators a, b of H 1 (F ; Z), which are also shown. These loops α and β (or more precisely their lifts to the infinite cyclic cover of
We write homology classes without brackets and, for n = 3k, we set β := kα + β so that a Seifert matrix computation yields
A metabolizer m for K is a rank 1 summand of H 1 (F ; Z) ∼ = Z 2 . Following [CHL10, Definition 5.4], a metabolizer m represents a lagrangian P for the rational Blanchfield pairing if the image of m under the map
spans P as a Q-vector space; here i * is obtained by fixing a lift of F to the infinite cyclic cover of X K . The next lemma describes the lagrangians of Bl(K) as well their generators and metabolizers which represent them.
Lemma 4.1. The lagrangians of the Blanchfield pairing Bl(K n ) can be described as follows:
(1) if n = 1, 2 mod 3, then Bl(K n ) admits a unique lagrangian P that is generated by α.
(2) if n = 0 mod 3, then Bl(K n ) admits precisely two distinct lagrangians P 1 , P 2 that are respectively generated by α and β = kα + β. The lagrangian P 2 is represented by the metabolizer Z a − kb ⊂ H 1 (F ; Z).
Proof. The description of the lagrangians for Bl(K n ) and their generators can be found in [FT, (the unpublished clarification of the published erratum to [FT05] ). To prove the last statement, we use Cochran, Harvey and Leidy's constructive proof of the fact that every lagrangian is represented by a metabolizer [CHL10, Lemma 5.5]. We start from the lagrangian P 2 = kα+β , viewed as a 1-dimensional Q-vector subspace of the rational Alexander module
In the notations of [CHL10] , the element a 1 := a − kb is now dual to γ 1 := kα + β under "linking in S 3 ." Cochran, Harvey and Leidy then prove that {a 1 } spans P 2 in the rational vector space A 0 (K) [CHL10, . This concludes the proof of the lemma.
Although we do not require this fact, observe that the same argument as in the proof of Lemma 4.1 shows that the lagrangian P = P 1 = α is represented by the metabolizer Z b .
The next result provides an application of Theorem 1.3.
]. Up to ambient isotopy rel. boundary, the knot K n admits (1) precisely two distinct G-homotopy ribbon discs if n = 0, −3; (2) a unique G-homotopy ribbon disc if n = 0, −3. Proof. Throughout the proof, we write K := K n . We first assume that n = 0, (the case where n = −3 can be treated similarly). Performing a saddle move on the left (resp. right) band of K gives rise to a ribbon disc D 1 (resp. D 2 ).
Claim. The discs D 1 and D 2 are G-homotopy ribbon and respectively induce the lagrangians P 1 and P 2 described in Lemma 4.1.
Proof. We only prove this claim for D 1 , since D 2 can be treated similarly. We draw a Kirby diagram of N D 1 as in Figure 3 ; we refer to [GS99, p. 213] for details on this procedure. The group π 1 (N D 1 ) admits a presentation with two generators, the meridians a, b of the dotted circles, and a unique relation bab −1 a −1 b −1 a −1 , obtained by reading off the word described by the 2-handle. Setting c := ab, we deduce that D 1 is G-ribbon:
Next, we show that the inclusion induced map ι D : π 1 (X K ) → π 1 (N D 1 ) is surjective. This will prove that D 1 is G-homotopy ribbon. Arguing as in the proof of Corollary 3.2, since G is metabelian, ι D factors as
= π 1 (N D 1 ).
As a consequence, it suffices to show that the inclusion induces a surjective map on the level of Alexander modules. As explained at the beginning of this section, the Alexander module
is generated by (homology classes of) the curves α and β depicted in the right hand side of Figure 2 . After straightening the dotted circles in the Kirby diagram of N D 1 , one sees that (ι D 1 ) * maps α to zero and maps β to c. This shows that D 1 is homotopy ribbon, and we now argue that this argument also proves that D 1 induces P 1 = α . To see this, notice that since Lemma 4.1 implies that Bl(K) admits precisely two lagrangians, P D 1 must equal either P 1 = α or P 2 = β . Since we established that α lies in P D 1 but β does not, we deduce that P D 1 = P 1 . This concludes the proof of the claim.
Using the claim, in order to establish the result in the n = 0 case, it remains to show that D 1 and D 2 are distinct and that, up to ambient isotopy, there are no other G-homotopy ribbon discs. First, assume that D induces P 1 and D induces P 2 ; we claim that D and D are not ambiently isotopic rel. boundary. By means of contradiction, assume they are. Using Lemma 2.5, this ambient isotopy induces a rel. boundary homeomorphism of D 4 . In particular this homeomorphism is the identity on X K . Lifting these considerations to the infinite cyclic covers, it follows that P 1 = P 2 . This is a contradiction and proves the claim that D and D are not ambiently isotopic rel. boundary. Finally, we show that there are no other G-homotopy ribbon discs than D 1 and D 2 . If D is such disc, then Lemma 4.1 implies that it must induce either P 1 or P 2 . Without loss of generality, assume that D induces P 1 . By Theorem 1.3, since D 1 and D induce the same lagrangian, they must be ambiently isotopic rel. boundary.
When n = −3, the lagrangian P 2 is represented by the metabolizer Z a + b , and a + b is represented by the unknotted curve J depicted on the left hand side of Figure 4 . The argument works similarly after performing an isotopy on F (resulting in the surface F depicted on the right hand side of Figure 4 ) so that J becomes the core of one the two bands of F .
Next, we assume that n = 1, 2 mod 3. The same proof as in the n = 0 case shows that a saddle move on the left band of K gives rise to a G-homotopy ribbon disc D, and this disc induces P = α . To show that D is the unique homotopy G-ribbon disc up to ambient isotopy, we proceed as above: if D is another such disc, then Lemma 4.1 implies it must also induce P and Theorem 1.3 shows that D and D are ambiently isotopic rel. boundary.
Finally, we assume that n = 0 mod 3 with n = 0, −3. Arguing as in the n = 0 case and applying Theorem 1.3, we know that up to ambient isotopy rel. boundary, K admits at most two G-homotopy ribbon discs, corresponding to the lagrangians P 1 and P 2 described in Lemma 4.1. As in the previous paragraphs, a saddle move on the left band of K produces a G-homotopy ribbon disc that induces P 1 .
Claim. The lagrangian P 2 = kα + β is not induced by a slice disc. Proof. Recall that a metabolizer m of the Seifert form represents a lagrangian P for the rational Blanchfield pairing if the image of m under the map
spans P as a Q-vector space. Following [CHL10, Definition 5.1] a derivative of K with respect to m is a knot J embedded in F that gives a basis for m. Write n = 3k. Lemma 4.1 establishes that P 2 is represented by the metabolizer m := Z a − kb ⊂ H 1 (F ; Z). Reading braids from bottom to top, for k > 0, a derivative of K with respect to m is given by the negative braid knot J k = γ k , where γ k is the negative braid
1 ). For k = 2, this knot is depicted in Figure 5 ; note also that for k = 0, −1, the derivative is unknotted, as expected. For k < −1, the derivative is instead given by J −k−1 . 6 Figure 5 . The knot J 2 on the surface F .
Next, we consider the first order signature ρ 1 (K, φ P 2 ) associated to the lagrangian P 2 of Bl(K). Since we need only two properties of ρ 1 (K, φ P 2 ), we omit its definition but refer the interested reader to [CHL10, Definition 4.1] for details. Use ρ 0 (J k ) to denote the integral of the Levine-Tristram signature function σ J k (ω) over S 1 . Since J k is a negative braid knot, we have σ J k (ω) ≥ 0 for all ω ∈ S 1 (e.g. negative braid knots can be unknotted using only negative to positive crossing changes) and σ J k (−1) > 0 (see e.g. [Rud82] or [Prz89] ). Combining this observation with [CHL10, Corollary 5.8] implies that
To finish the proof, if P 2 were induced by a slice disc D, then [CHL10, Theorem 4.2] would imply that ρ 1 (K, φ P 2 ) = 0, a contradiction. This concludes the proof of the claim that the lagrangian P 2 = kα + β is not induced by a slice disc.
Summarising, for n = 3k with k = 0, −1, we know that P 1 is induced by a slice disc D, but that P 2 is not. The fact that D is unique up to ambient isotopy rel. boundary now follows by applying Theorem 1.3. This concludes the proof of Theorem 4.2.
Relaxing the rel. boundary restriction
In this section, we consider relaxing the rel. boundary condition. Note that the two Ghomotopy ribbon discs for 9 46 are isotopic as disc knots. That is, if isotopies of the knot in S 3 are also permitted, then R := 9 46 admits an essentially unique G-homotopy ribbon disc.
Figure 6. On the left: the knot R := 9 46 with the infections curves η 1 , η 2 ; on the right: the satellite knot K := R(J 1 , J 2 ) obtained by infecting R along the curves η 1 , η 2 .
Let η 1 and η 2 in X R be the curves shown on the left hand side of Figure 6 . Perform the satellite operation on R along η 1 and η 2 with infection knots J 1 and J 2 respectively, to obtain a knot that we denote K := R(J 1 , J 2 ) and that is depicted schematically on the right hand side of Figure 6 .
The next theorem requires the existence of two hyperbolic Alexander polynomial one knots J 1 and J 2 with exteriors that are not homeomorphic. This is guaranteed by [Fri09, Theorem 1.1] applied to a Seifert matrix for the unknot.
Theorem 5.1. Let J 1 and J 2 be two hyperbolic Alexander polynomial one knots with exteriors that are not homeomorphic. The knot K shown on the right hand side of Figure 6 has precisely two G-homotopy ribbon discs up to ambient isotopy.
Proof. First, we may construct a G-homotopy ribbon disc D 1 for K by cutting the left hand band via a saddle move, to obtain the (2, 0) cable of J 2 , and then capping this off with two parallel copies of the Z-homotopy ribbon disc for J 2 whose existence is guaranteed by the ∆ J 2 (t) = 1 condition. That this is a G-homotopy ribbon disc follows from the same calculation as in Section 4: two parallel copies of the Z-homotopy ribbon disc for J 2 in D 4 have complement with fundamental group free of rank two generated by the meridians to the two components, just like the standard slice discs for the unlink given by the dotted circles in Figure 3 .
Construct a similar G-homotopy ribbon disc D 2 for K by cutting the right hand band. There are still only two lagrangians for the Blanchfield form, so there are still only at most two G-homotopy ribbon discs up to ambient isotopy by Theorem 1.3. To complete the proof of Theorem 5.1 we need to argue that there is no isotopy of K interchanging the two lagrangians. If there were such an isotopy, then it would induce a self-homeomorphism F : X K → X K interchanging the classes of η 1 , η 2 ∈ H 1 (X K ; Z[t ±1 ]).
Recall the Jaco-Shalen-Johannson (JSJ) theorem [Hat07, Theorem 1.9]: let M be a compact, irreducible, orientable 3-manifold. There is a collection T of disjoint incompressible tori such that each component of M cut along T is either atoroidal (every incompressible torus is boundary parallel) or a Seifert manifold. A minimal collection of such T is unique up to isotopy.
The knot exterior X K is certainly compact, orientable, and irreducible. We need to identify the JSJ tori: they correspond to the satellite construction.
Claim. The JSJ pieces of the knot exterior X K are X R,η := X R \ (νη 1 ∪ νη 2 ) together with the knot exteriors X J 1 and X J 2 . The JSJ tori are T i := ∂νη i , i = 1, 2.
Proof. To prove the claim, first we argue that the tori T i are incompressible. To see this, note that the longitude of T i is a generator of the Alexander module of R, therefore is nontrivial in π 1 (X R ), so also in π 1 (X R,η ). The meridian of T i is a longitude in X J i , so is nontrivial in π 1 (X J i ) by the loop theorem and the fact that J i is knotted.
Next, both J 1 and J 2 are hyperbolic knots, so X J 1 and X J 2 are atoroidal. Similarly, using SnapPy, we checked that the link R ∪η 1 ∪η 2 is hyperbolic, and so X R,η cannot be decomposed further along tori. This completes the proof of the claim on the JSJ decomposition of X K . Now we show that there is no isotopy of K interchanging the two lagrangians. If there were, there would be a self-homeomorphism of X K with the same effect. By the JSJ theorem it would have to switch the two JSJ tori, up to an isotopy of the self-homeomorphism. Note that a longitude of the torus ∂νη i generates the lagrangian P i , for i = 1, 2. But the JSJ pieces X J 1 and X J 2 are not homeomorphic, so the tori ∂νη i and cannot be exchanged by any homeomorphism. Therefore the two slice discs D 1 and D 2 are not ambiently isotopic.
